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In an earlier paper by A. Breda, R. Nedela and J. Širánˇ, a clas-
siﬁcation was given of all regular maps on surfaces of negative
prime Euler characteristic. In this article we extend the classiﬁ-
cation to surfaces with Euler characteristic −3p (equivalently, to
non-orientable surfaces of genus 3p + 2) for all odd primes p.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
In general, a map is a connected two-dimensional cell complex, or, equivalently, a cellular embed-
ding of a connected graph in a 2-dimensional manifold. The graph and the manifold are the underlying
graph and the supporting surface of the map. In this article we will only consider maps whose sup-
porting surfaces are compact. The topological triangles forming the ﬁrst barycentric subdivision of
such a map M are the ﬂags of M . An automorphism of M is a permutation of ﬂags that preserves
the structure of the map, that is, incidence in the cell complex. The automorphism group Aut(M) of
M acts freely on the ﬂags; in the case of a regular action we say that M is a regular map. Obviously,
if M is regular, then all vertices of M have the same valency, say, k, and all face boundary walks have
the same length, say, m; we speak about a map of type {m,k}.
For interesting history of regular maps and their deep connections with groups, Riemann surfaces
and algebraic curves, we refer to survey papers [12,13,16]. Because of these connections, classiﬁcation
of regular maps on a given surface is an important problem. Several developments in tackling this
problem were surveyed in [16], and we will comment on it in more detail after introducing a few
more concepts.
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structure can be identiﬁed with the group in the usual way. In the case of our regular map M
of type {m,k} one ﬁxes a ﬂag F and considers the three involutory automorphisms x, y, z ﬂip-
ping F across its three sides, with x and y being the ﬂips along and across the unique edge e
of the underlying graph incident with our ﬁxed ﬂag. It follows that the compositions xy, r = yz,
and s = zx are rotations of order 2 about the centre of e, of order k about the unique vertex of
M contained in F , and of order m about the centre of the unique face incident with F . In fact,
by connectivity, the group Aut(M) is generated by x, y, z and has partial presentation of the form
Aut(M) = 〈x, y, z | x2 = y2 = z2 = (yz)k = (zx)m = (xy)2 = · · · = 1〉. Conversely, for any group with
such a presentation, one can construct the corresponding map by taking its ﬂag set to be the set of
all elements of the group and identifying edges, vertices and faces with (right) cosets of the dihedral
subgroups 〈x, y〉, 〈y, z〉, and 〈z, x〉. It is important to note that this identiﬁcation is actually between
regular maps and presentations of groups with three distinguished involutory generators. The supporting
surface of M is non-orientable if and only if 〈r, s〉 = 〈x, y, z〉.
In this paper we will be dealing exclusively with regular maps on non-orientable surfaces, that
is, with non-orientable regular maps. For their description we will take advantage of the identiﬁcation
outlined in the previous paragraph. We will say that a group G is (k,m,2)-presented in terms of x, y, z,
r = yz, and s = zx, if x, y, z are generators of G such that
G = 〈x, y, z ∣∣ x2 = y2 = z2 = (yz)k = (zx)m = (xy)2 = · · · = 1〉 and 〈x, y, z〉 = 〈r, s〉.
For short, we will simply say that G = 〈x, y, z〉 = 〈r, s〉 is a (k,m,2)-group when G is (k,m,2)-
presented as above.
Let G = 〈x, y, z〉 = 〈r, s〉 and G ′ = 〈x′, y′, z′〉 = 〈r′, s′〉 be two (k,m,2)-groups. It is well known
that the regular maps corresponding to G and G ′ are isomorphic if and only if the two groups are
congruent, that is, if there is a group isomorphism G → G ′ sending x to x′ , y to y′ , and z to z′ . On
a different note, if x′ = y and y′ = x, the maps corresponding to G and G ′ are dual to each other.
Bearing in mind that the term (k,m,2)-group actually refers to a particular (partial) presentation in
terms of three selected involutory generators we can brieﬂy say that non-orientable regular maps of
type {m,k} with k  m (up to isomorphism and duality) are in a one-to-one correspondence with
(k,m,2)-groups such that km (up to congruence).
The Euler characteristic χ of a ﬁnite (k,m,2)-group G is deﬁned to be
χ(G) = |G|(2k − km + 2m)/(4km) (1)
which is, by the Euler–Poincaré formula, equal to the Euler characteristic of the supporting surface of
the corresponding regular map. Finite (k,m,2)-groups G are called hyperbolic if χ(G) < 0.
From what we have seen, classiﬁcation of regular maps on a non-orientable surface with Euler
characteristic χ amounts to classifying, up to congruence, all (k,m,2)-groups of Euler characteristic
χ for all k and m satisfying (1). For the projective plane (with χ = 1), regular maps are antipodal
quotients of the spherical regular maps. It is known that the Klein bottle (χ = 0) supports no regular
map at all. Those of Euler characteristic χ such that −1 χ −8 were classiﬁed in form of contri-
butions of a number of authors (see [16] for details). The classiﬁcation was later extended with the
help of group-theoretic computations, to χ −30 in [4], and more recently to χ −200 in [3]. The
ﬁrst classiﬁcation for an inﬁnite number of surfaces was that of all regular maps of negative prime
Euler characteristic, in [2]. As an interesting consequence, it is now known that for all primes p > 13
with p ≡ 1mod12, there are no (k,m,2)-groups with Euler characteristic −p, in other words, there
are inﬁnitely many ‘gaps’ in the spectrum of genera of non-orientable surfaces supporting no regular
map at all. (A new proof of this classiﬁcation is given in [7], where similar gaps have been proved
to exist in the spectra of regular maps on orientable surfaces with simple underlying graph, and of
orientably-regular but chiral maps.)
The aim of this paper is to extend the result of [2] to non-orientable surfaces of Euler characteristic
−3p for any odd prime p. We do so by classifying all (k,m,2)-groups of such characteristic. Some of
the arguments use ideas of [2] and [7]. Most of our techniques, however, are tailored to speciﬁc phe-
nomena arising from application of the Gorenstein–Walter theorem on the structure of ﬁnite groups
with dihedral Sylow 2-subgroups.
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λ(k,m) = 4km/(km − 2k − 2m). The Euler–Poincaré equation (1) then reduces to |G| = −χ(G)λ(k,m),
which can be further rewritten in the form |G| = γ km where γ = −4χ(G)/(km − 2k − 2m). We call
the quantity γ = |G|/km the multiplier of G .
With the help of a combination of Sylow theory, analysis of possible p-covers of regular maps,
consequences of the Gorenstein–Walter theorem, and various techniques of combinatorial group the-
ory, we show in Section 2 that for χ = −3p where p is an odd prime, the multiplier can assume only
seven values, which are further reduced to just two values in Section 3. These two values of the mul-
tiplier are then considered separately in Sections 4 and 5, using a detailed analysis of the two hardest
cases resulting form application of the Gorenstein–Walter ‘sieve’. Our main results are summarized in
Section 6.
2. Restricting the multiplier to a set of seven values
Our classiﬁcation begins with restricting the possible multipliers of the groups under consider-
ation, to a set of twelve (and later just seven) numbers, when the negative Euler characteristic is
suﬃciently large.
Proposition 1. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group of Euler characteristic −3p where p is a prime
such that p  67. Then km − 2k − 2m = tp and |G| = 12km/t for some integer t in the range 1 t  12.
Proof. First, suppose that p does not divide km − 2k − 2m. The group G contains the Klein four-
group 〈x, y〉, so |G| is divisible by 4. Also km − 2k − 2m > 0 (or equivalently, 1/k + 1/m < 1/2 so
G is hyperbolic), and it is easy to see (and well known) that the largest possible value of λ(k,m) =
4km/(km − 2k − 2m) is 84, attainable when {k,m} = {3,7}. Now if p2 divides |G|, then 4p divides
|G|/p = −χ(G)λ(k,m)/p = 3λ(k,m) 3 · 84 = 252, which is impossible for p  67. Hence p2 cannot
divide |G|, so p cannot divide k or m. In particular, the Sylow p-subgroups of G are cyclic.
Now suppose that G contains more than one Sylow p-subgroup. Then their number is np + 1
for some n  1, with np + 1 being a divisor of |G|/p = 3λ(k,m). In our case, np + 1  68 and so
3λ(k,m)  68. On the other hand, 3λ(k,m)  3 · 84 = 252, and so p  251. Considering all integer
values of k and m (with 3  k m) for which 3λ(k,m)  68 is divisible by np + 1 for some prime
p such that 67  p  251 and some n  1, one ﬁnds easily that n = 1 and the only possibilities for
(k,m) and p are as follows:
(a) (k,m) = (3,7) and p ∈ {251,83}, with |G| = 3p · 84;
(b) (k,m) = (3,8) and p = 71, with |G| = 3p · 48;
(c) (k,m) = (3,9) and p = 107, with |G| = 3p · 36;
(d) (k,m) = (3,10) and p = 89, with |G| = 3p · 30; and
(e) (k,m) ∈ {(3,12), (4,6)} and p = 71, with |G| = 3p · 24.
Out of this list, we ﬁrst consider the cases where 3pλ(k,m) = |G| = p(p + 1). In these, G has
exactly p + 1 Sylow p-subgroups, the union of which contains (p + 1)(p − 1) = p2 − 1 elements of
order p. The complement of this union is a set A of size p(p+1)− p2 = p. Now if u is any involution
in G , then its conjugacy class has size |G : CG(u)|. If the latter is divisible by p then it must equal p,
so all elements of A are involutions, and hence the only prime divisors of |G| are 2 and p, which is
not true in any of the above cases. Thus every p′-element in G is centralized by every p-element. But
this implies that any Sylow p-subgroup (of order p) is central, and hence unique – contradiction.
The above argument excludes all possibilities except two, where (k,m, p) = (3,7,83) or (3,8,71).
In these, |G| = 3p · 84 = 3 · 83 · 84 = 20916 or 3p · 48 = 3 · 71 · 48 = 10224, respectively. There are no
simple groups of these orders, so in each case, G has a maximal proper normal subgroup, say H . Since
G is generated by involutions, the quotient G/H cannot be cyclic of (odd) order p. Moreover, since
also there is no non-abelian simple group of order at most 20916 divisible by 71 or 83, it follows
that |G/H| is not divisible by p. On the other hand, H cannot have a normal Sylow p-subgroup (for
such a subgroup would be characteristic in H and hence normal in G), so H has at least p + 1 Sylow
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is the only divisor of 3(p + 1) or 2(p + 1) congruent to 1mod p. But now the same argument as
above shows that every p′-element in H is centralized by every p-element, and hence that any Sylow
p-subgroup of H is central – again a contradiction.
Thus for prime p  67, every (k,m,2)-group G of Euler characteristic −3p and order divisible by
p has a cyclic normal Sylow p-subgroup N (of order p).
Conjugation of N by elements of G gives a homomorphism from G to Aut(N) with kernel CG(N),
and since N is cyclic of prime order p, this implies G/CG(N) is cyclic (of order dividing φ(p) = p−1).
But G is generated by involutions, so G/CG(N) must have order 1 or 2. If order 1, then N is central,
and then by the Schur–Zassenhaus theorem (see [15, 9.1.2]), we ﬁnd that G is a direct product of N
with a complementary p′-subgroup, which is again impossible since G is generated by involutions.
Thus G/CG(N) has order 2. In particular, at least one of the three generating involutions x, y, z must
conjugate each element of N to its inverse.
Next, since p  k and p  m, the subgroup N intersects 〈r〉 and 〈s〉 trivially, so G/N is a (k,m,2)-
group, of Euler characteristic χ(G/N) = −|G/N|/λ(k,m) = χ(G)/|N| = −3. There are exactly four such
groups, namely the automorphism groups of the non-orientable maps numbered N5.1–N5.4 in the
list of all regular maps of small genus [4]. In each case, it is easy to show that the group has a
presentation 〈r, s | rk = sm = (rs)2 = w(r, s) = 1〉 for some word w = w(r, s) in the generators r and s,
as follows:
N5.1: (k,m) = (4,5), and w = (r2s2)3, with z = sr2s−1r2sr2;
N5.2: (k,m) = (4,6), and w = (r2s2)2, with z = sr2s−1r2sr2;
N5.3: (k,m) = (5,5), and w = (rs−1)3, with z = s2r2sr−1;
N5.4: (k,m) = (6,6), and w = (rs−1)2, with z = s−2r3s.
Then in our group G , since the elements r, s and rs have orders k, m and 2, the element w = w(r, s)
must have order p and generate N (or otherwise r and s would generate a subgroup of order |G/N|
rather than |G|). We deal with these four cases in turn, below.
If G/N ∼= Aut(N5.1), then (r2s2)3 = w is centralized by r2 and s (since s has order 5), and hence
also by sr2s−1r2sr2 = z; but on the other hand, since rz = (yz)z = zy = r−1 and sz = (zx)z = xz =
s−1, we ﬁnd that wz = ((r2s2)3)z = (r−2s−2)3 = r−2w−1r2 = w−1. Thus w = wz = w−1, so w2 = 1,
contradiction. Hence G/N  Aut(N5.1).
If G/N ∼= Aut(N5.2), then (r2s2)2 = w is centralized by s2, so w = (s2r2)2, and then using
r4 = s6 = 1 we ﬁnd that w2 = (s2r2)2(r2s2)2 = s2(r2s−2r2s−2)s−2 = s2w−1s−2 = w−1, so w3 = 1,
a contradiction for p 	= 3. (Note: when p = 3, this gives the map N11.1 in [4].)
If G/N ∼= Aut(N5.3), then (r2s2)2 = w is centralized by both r and s (of order 5), and hence by
〈r, s〉 = G , another contradiction.
Finally if G/N ∼= Aut(N5.4), we note that w = (rs−1)2 = r(rsr)rs−1 = r2sr2s−1, and then since r2
centralizes w we also have w = sr2s−1r2. Using r6 = 1 this gives us w2 = (r2sr2s−1)(sr2s−1r2) =
r2(sr−2s−1r−2)r−2 = r2w−1r2 = w−1, and hence w3 = 1, a contradiction for p 	= 3. (Note: when p = 3,
this gives the map N11.2 in [4].)
Thus none of these four cases is possible, so our assumption that p  (km − 2k − 2m) is invalid for
p  67. Accordingly, km − 2k − 2m = tp for some integer t , and then |G| = 12kmp/(km − 2k − 2m) =
12km/t , with multiplier 12/t .
To obtain the restriction on t we use Lemma 3.2 from [2], which gives the order of the subgroup
L = 〈y, z〉 ∩ 〈z, x〉 of G as either 2 or 4. Now we have a chain of obvious inequalities 12km/t = |G|
|〈y, z〉〈z, x〉| = |〈y, z〉||〈z, x〉|/|L| = (2k)(2m)/|L| km, from which we conclude that t  12. 
Before proceeding, we need a helpful fact which, although it refers to subgroups, is essentially of
arithmetic nature, and is an immediate consequence of Lemma 3.2 of [6].
Lemma 1. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group of odd Euler characteristic χ . Then the Sylow 2-sub-
groups of G are dihedral, while for every odd prime q that does not divide χ , the Sylow q-subgroups of G are
cyclic, and one of them is contained in 〈r〉 or 〈s〉.
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an observation from [7]:
Lemma 2. For k,m  3, let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group with dihedral Sylow 2-subgroups, and
let L = 〈r, y〉 ∩ 〈s, x〉 = 〈y, z〉 ∩ 〈z, x〉. Then either L = {1, z} ∼= Z2 , or both k and m are even, say k = 2 j and
m = 2l, in which case L = {1, z, r j z, sl z} ∼= Z2 × Z2 . In particular, 〈r〉 ∩ 〈s〉 = 1.
Proof. Observe that z ∈ L. It was shown in [2] that if L 	= 〈z〉, then k = 2 j and m = 2l, and either
L = {1, z, r j z, slz} with r j = sl = z or L = {1, z, r j, r j z} with r j = sl 	= z. In the second case, however,
the element r j = sl is a central involution of G , and as the Sylow 2-subgroups of G are dihedral, the
existence of such a central involution is ruled out by the proof of Lemma 7.1 in [7]. 
As in [2], the observation about Sylow 2-subgroups being dihedral enables us to use a theorem of
Gorenstein and Walter (see [11, Part I, p. 85, Theorem 1]), which can be summarized as follows:
Theorem 1 (Gorenstein–Walter). If G is a group with dihedral Sylow 2-subgroup and O (G) is the (unique)
largest normal subgroup of G of odd order, then G/O (G) is isomorphic to
(a) a Sylow 2-subgroup of G, or
(b) the alternating group A7 , or
(c) a subgroup of Aut(PSL(2,q)) containing PSL(2,q), for some odd prime-power q.
If q is the nth power of an odd prime, then Aut(PSL(2,q)) ∼= PGL(2,q)  Zn where the action of
Zn reﬂects the Galois action on the standard matrix representation of PGL(2,q). It follows that any
subgroup of Aut(PSL(2,q)) containing PSL(2,q) has the form H  Zb , where H is either PSL(2,q)
or PGL(2,q), and b is a divisor of n. Let δ = 1/2 or δ = 1, depending on whether H ∼= PSL(2,q) or
H ∼= PGL(2,q), and let ω1 and ω2 be the largest order and the second largest order of an element
in H  Zb , respectively. Then Dickson’s classiﬁcation [8] of possible orders of elements of PSL(2,q)
and PGL(2,q) implies that if n  2 then ω1 = δb(q + 1) and ω2 = δb(q − 1), while if n = 1 then
ω1,ω2 ∈ {δ(q + 1),q}.
Proposition 2. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group with dihedral Sylow 2-subgroups, such that k
is odd and k,m  3, and suppose |G| = 12km/t for some integer t  12. Then we have only the following
possibilities for t and G/O (G):
(1) t = 1, and G/O (G) is isomorphic to either PSL(2,q) for q ∈ {5,11,13}, or PGL(2,q) for q ∈ {5,7,11,13},
or a group H such that PSL(2,q) H  Aut(PSL(2,q)) for q ∈ {32,33,52};
(2) t = 2, and G/O (G) is isomorphic to either A5 (∼= PSL(2,5)), or PGL(2,q) for q ∈ {3,5,7}, or a group H
such that PSL(2,32) H  Aut(PSL(2,32));
(3) t = 3, and G/O (G) is isomorphic to either S4 (∼= PGL(2,3)), or A5 (∼= PSL(2,5)), or S5 (∼= PGL(2,5));
and
(4) t ∈ {4,6} and G/O (G) is isomorphic to S4 (∼= PGL(2,3)).
Proof. Let κ and μ be the orders of r¯ and s¯ in G/O (G), where g¯ denotes the coset O (G)g for any
g ∈ G . By Lemma 2, we know that the cyclic subgroup 〈rκ 〉 ∩ 〈sμ〉 is trivial, so |O (G)| |〈rκ 〉||〈sμ〉| =
km/(κμ), which gives |G/O (G)| 12κμ/t . Also we know that G/O (G) is as described in (a), (b) or
(c) of Theorem 1. We ﬁrst exclude cases (a) and (b).
In case (a), G is a semi-direct product of O (G) by a Sylow 2-subgroup. In particular, the generator r
of odd order k must lie in O (G), and hence G/O (G) = 〈r, s〉/O (G) is cyclic, generated by s¯ = O (G)s.
But the Sylow 2-subgroup is dihedral, so this is a contradiction.
In case (b), we have κ,μ  7 (the largest order of an element of A7), but that implies |A7| =
|G/O (G)| 12κμ 12 · 72, contradiction.
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power of some odd prime, and b divides n.
Here we note that the product of the two largest orders of elements of H  Zb never exceeds
(δb(q + 1))2. Then δq(q2 − 1)b = |H  Zb| = |G/O (G)|  12κμ/t  12(δb(q + 1))2/t , which implies
q(q − 1) (12/t)n(q + 1) 12n(q + 1) since δ2  1 and b n and t  1.
Now it is a relatively easy exercise to show that the only feasible solutions of the inequality q(q −
1) 12n(q + 1) are as follows: either n = 1 and q ∈ {3,5,7,11,13}, or n = 2 and q ∈ {9,25}, or n = 3
and q = 27. Moreover, if q = 3 then t  8, or if q = 5 then t  3, or if q = 7 then t  2, while t = 1 in
all other cases.
We can exclude two further possibilities for G/O (G), for all t , since PSL(2,3) ∼= A4 cannot be
generated by involutions, and PSL(2,7) is not the automorphism group of any non-orientable regu-
lar map (by [4]). Similarly if G/O (G) ∼= PGL(2,3) ∼= S4, then (κ,μ) = (3,4), which implies |O (G)| =
(6/t)(k/3)(m/4), so 6/t must be an odd integer, and that excludes the possibilities t = 1,3,5,7 or 8
(when q = 3). Finally, if q = 9 and t = 3 then κ  5 and μ 10 (as 5 and 10 are the largest odd order
and largest order of elements of Aut(PSL(2,9))), but then |G/O (G)|  12κμ/t  4 · 5 · 10 = 200 <
360 = |PSL(2,9)|, contradiction.
The cases that remain are those listed in the statement of our proposition. 
Corollary 1. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group with dihedral Sylow 2-subgroups, such that
|G| = 12km/t for some positive integer t  12, where km − 2k − 2m = tp for some odd prime p. Then
t ∈ {1,2,3,4,6,8,12}.
Proof. Allowing duality, Proposition 2 deals with the situation when one of k,m is odd, giving t ∈
{1,2,3,4,6}. On the other hand, if both k and m are even, say, k = 2 j and m = 2l, then km−2k−2m =
tp gives 4( jl − j − l) = tp, which forces t = 4,8 or 12. 
Hence the only possibilities for the multiplier γ = 12/t are 1, 3/2, 2, 3, 4, 6 and 12.
3. Further reduction to two values of the multiplier
In this section we deal with the possible values 1, 3/2, 2, 4, and 12 for the multiplier γ . Methods
required to handle the cases γ = 1 and γ = 3/2 (which we will begin with) differ from those used
to eliminate the other three values, and some of what we prove applies to the more general situation
where the characteristic χ is odd. Lemma 2 gives a helpful tool for handling (k,m,2)-groups G with
|L| = 4, which turn out to be exactly the groups with multiplier γ = 1. As we shall see, this is the only
value of γ in this section that will contribute to our classiﬁcation, with an inﬁnite class of groups.
Proposition 3. For k,m 3, let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group, with dihedral Sylow 2-subgroups,
and let L = 〈r, y〉 ∩ 〈s, x〉 = 〈y, z〉 ∩ 〈z, x〉. Then |L| = 4 if and only if |G| = km, in which case both k and m
are even. Furthermore, in any such case, if k = 2 j and m = 2l then both j and l must be odd, and z = r j sl , and
G = 〈y, r2〉 × 〈x, s2〉 ∼= D j × Dl, with reduced presentation
G = 〈r, s ∣∣ r2 j = s2l = (rs)2 = (rs−1)2 = 1〉.
Proof. If |G| = km, then from the inequality km = |G|  |〈r, y〉||〈s, x〉|/|L| = 4km/|L| we ﬁnd that
|L| 4, which in conjunction with Lemma 2 gives |L| = 4.
Conversely, suppose |L| = 4. Then by Lemma 2 we have k = 2 j, m = 2l, and z = r j sl . In particular,
r j commutes with sl in L, and so 1 = (zr)2 = r j slrr j slr = slrslr. Moreover, since srs = r−1 and sl = s−l
we ﬁnd that 1 = slrslr = sl−1srssl−1r = sl−1r−1sl−1r = s−1slr−1sls−1r = s−1(slrsl)−1s−1r = s−1rs−1r, so
(rs−1)2 = 1. Thus sr−1 = rs−1, and from this and the relation sr = r−1s−1 it follows that every element
of G = 〈r, s〉 is expressible in the form ri s j , so G = 〈r〉〈s〉. Moreover, by Lemma 2 we have 〈r〉∩ 〈s〉 = 1,
so |G| = |〈r〉〈s〉| = |〈r〉||〈s〉| = km.
Next, the relations sr = r−1s−1 and sr−1 = rs−1 give r−1s2r = r−1sr−1s−1 = s−2 and similarly
sr2s−1 = r−2, and each of these implies that r2 centralizes s2. Also since z = r j sl we have x = zs =
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(r j s)2 and similarly (or from a few lines above) we have 1 = (rsl)2. In turn, these give sr j s = r− j and
rslr = s−l . But now if j were even, then the relation sr2s−1 = r−2 would give s−1r j s = r− j = sr j s,
so s−1 = s, contradicting the assumption that m  3. Hence j is odd, and the analogous argument
with the roles of r and s interchanged shows that l is odd. Hence in particular, x = r j sl+1 commutes
with r2, and y = r j+1sl commutes with s2. Accordingly, G ∼= 〈r2, y〉 × 〈s2, x〉 ∼= D j × Dl , and G has the
reduced presentation as given. 
Corollary 2. If G = 〈x, y, z〉 = 〈r, s〉 is a (k,m,2)-group with dihedral Sylow 2-subgroups, and the multiplier
γ lies in the range 0 < γ < 2, then γ = 1.
Proof. First γ km = |G| |〈r, z〉||〈s, z〉|/|L| = 4km/|L|, and so |L| 4/γ . By Lemma 2 we know that |L|
is either 2 or 4, and since γ < 2, we must have |L| = 4. Then Proposition 3 gives |G| = km and so
γ = 1. 
In particular, this eliminates the case γ = 3/2. To deal with the cases γ = 2, 4 and 12, we will use
reduction methods. But ﬁrst, we prove a slight modiﬁcation of [2, Lemma 3.5]. For any integer n, let
πn be 1 or 2 according to whether n is odd or even.
Lemma 3. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group with dihedral Sylow 2-subgroups, such that k is odd
and gcd(k,m)  3. Let K be a normal subgroup of G such that K ∩ 〈x, y〉 is trivial, and let κ and μ be the
orders of Kr and K s in G/K . Then the following hold:
(1) G/K is a (κ,μ,2)-group; moreover, if |G| = 4km/πm, then πμ = πm and |G/K | = 4κμ/πμ with K =
〈rκ 〉〈sμ〉.
(2) Let K = 〈rκ 〉 × 〈sμ〉 with (κ,μ) = 1 and suppose the order of K is odd. If m is even, then K is a subgroup
of 〈r〉 (so 〈sμ〉 is trivial), while if m is odd, then K is trivial.
Proof. This was proved in [2] for the case gcd(k,m) = 1, so here we only point out the difference
if gcd(k,m) = 3. Observe that |G/K | is divisible by 4κμ/πμ or by 4κμ/(3πμ). Since 〈r〉 ∩ 〈s〉 = 1
(by Lemma 2) we have |K |  |〈rκ 〉||〈sμ〉| = (k/κ)(m/μ), and since |G| = 4km/πm we have |G/K | =
|G|/|K | 4κμ/πm or |G/K | = |G|/|K | 4κμ/(3πm). The second case, however, is excluded by Corol-
lary 2. It follows that πμ = πm and |G/K | = 4κμ/πμ , which shows that K = 〈u〉〈v〉 where u = rκ and
v = sμ , giving part (1). The rest of the proof is now identical to that of Lemma 3.5 in [2]. 
We will use this to eliminate the possibility that γ = 2. In that case km − 2k − 2m = 6p, so
gcd(k,m) divides 6, but has to be odd (for otherwise km−2k−2m is divisible by 4). Thus gcd(k,m) =
1 or 3, and moreover, if one of k, m is divisible by 3, then both are divisible by 3. Without loss of
generality, we may assume that k is odd.
Proposition 4. There is no (k,m,2)-group G = 〈x, y, z〉 = 〈r, s〉 of order 2km with dihedral Sylow 2-sub-
groups such that k is odd, m is even, k 3, m 4, gcd(k,m) 3, and km − 2k − 2m is divisible by 6.
Proof. Let G be any such group (if one exists). Then G/O (G) ∼= S4 by Proposition 2, so k = 3 j and
m = 4l where gcd( j, l) = 1 or 3. This gives |O (G)| = |G|/|S4| = 2km/24 = jl, and then since Lemma 2
tells us 〈r〉 ∩ 〈s〉 = 1, it follows that O (G) = 〈r3〉〈s4〉. Now O (G) is non-trivial (for otherwise km −
2k − 2m = −2), and being of odd order, is solvable (by [9]). By part (2) of Lemma 3, any abelian
normal subgroup of G contained in O (G) is a subgroup of 〈r〉, and then by induction on the length
of a derived series for O (G) it follows that O (G) itself lies in 〈r〉, so 〈s4〉 = 1. Thus m = 4, but then
km − 2k − 2m = 2k − 8 = 3 j − 8 is not divisible by 6, contradiction. 
Another method of reduction is motivated by the Gorenstein–Walter theorem, and involves looking
at minimal normal subgroups. This gives us the following result, which is an extension of Proposi-
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then both k and m are odd, and gcd(k,m) 3).
Proposition 5. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group of order 4km with dihedral Sylow 2-subgroups
such that k and m are both odd, k,m 3, and gcd(k,m) 3. Then G ∼= A5 .
Proof. First, by Proposition 2 we know that G/O (G) ∼= S4, S5 or A5, but since k and m are both
odd, the ﬁrst two of these are impossible, so G/O (G) ∼= A5. Now assume that G is an example of
smallest possible order with O (G) non-trivial. Then O (G) contains a minimal normal subgroup N ,
and since O (G) is solvable, N must be an elementary abelian q-group for some odd prime q (see [10,
Theorem 4.1]). If q > 3, then q divides k or m and N is cyclic, while if q = 3, then since |G| = 4km
with gcd(k,m) 3, a Sylow 3-subgroup of G contains a cyclic subgroup of index at most 3, and hence
N is isomorphic to either Z3 or Z3 × Z3. In both cases, we obtain a contradiction from Lemma 3 (by
taking K = N). Hence no such example exists, and G ∼= A5. 
To complete this section, we dispose of the multiplier γ = 12. Note that if G is a (k,m,2)-group
with |G| = 12km and km − 2k − 2m = p, then k and m are both odd, and must be relatively prime.
Lemma 4. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group of order 12km/t with dihedral Sylow 2-subgroups,
such that gcd(k,m) 2 and t ∈ {1,2,3,4}. If O (G) is non-trivial and N is a minimal normal subgroup of G
contained in O (G), then one of the following holds:
(A) N is a cyclic group of odd prime order q contained in either 〈r〉 or 〈s〉;
(B) N ∼= Z3 , intersecting both 〈r〉 and 〈s〉 trivially;
(C) N ∼= Z3 × Z3 , intersecting exactly one of 〈r〉 and 〈s〉 in a subgroup isomorphic to Z3 .
Proof. First, as in the proof of Proposition 5, we know that N is an elementary abelian q-group for
some odd prime q. Now if q > 3 then q divides k or m and N is cyclic, and we have case (A). If
q = 3, then since |G| = (12/t)km with gcd(k,m) 2, we ﬁnd N is isomorphic to either Z3 or Z3 ×Z3.
If N ∼= Z3, then since 〈r〉 ∩ 〈s〉 = 1 (by Lemma 2) we have either case (A) with q = 3, or case (B).
Finally, if N ∼= Z3 × Z3, then a Sylow 3-subgroup of G is not cyclic, and again since |G| = (12/t)km
and gcd(k,m)  2, we ﬁnd that 3 must divide both 12/t and one (but not both) of k and m, so we
have case (C). 
Proposition 6. There is no (k,m,2)-group G = 〈x, y, z〉 = 〈r, s〉 of order 12km with dihedral Sylow 2-sub-
groups such that both k and m are odd, k,m 3, and gcd(k,m) = 1.
Proof. Assume the contrary, and let G be any counter-example. Then G/O (G) is one of the possibili-
ties given in Proposition 2. Also G¯ = G/O (G) is generated by r¯ and s¯, which have odd coprime orders
κ and μ respectively, with |G/O (G)|  12κμ, and this rules out most of those possibilities. In fact
it leaves out all of them except A5 (∼= PSL(2,5)), since PSL(2,11) is not an (11,5,2)-group (see [4]),
and PSL(2,13) is not a (13,7,2)-group (see [5]). Hence we have G/O (G) ∼= A5. But as we now show,
even this cannot hold.
Again, let N be a minimal normal subgroup of G contained in O (G). Then one of the three cases
of Lemma 4 occurs. Now case (A) is impossible by Lemma 3. In case (B), the quotient G/N would be
a (k,m,2) group of order 12km/3 = 4km, and isomorphic to A5 by Proposition 5, but then {k,m} =
{3,5} or {5,3}, so |G| = 12km = 180, which is impossible because A5 is the only (5,3,2)-group.
Similarly, in case (C), by allowing duality we may suppose the quotient G/N is a (k/3,m,2)-group
of order 12km/9 = 4(k/3)m, and isomorphic to A5 by Proposition 5. On the other hand, Aut(N) ∼=
Aut(Z3 ×Z3) ∼= GL(2,3), which is solvable (and of order 48), so cannot contain a subgroup isomorphic
to the simple group A5 ∼= G/N , so N must be central in G , and then any subgroup of N of order 3 is
normal in G , contradicting the minimality of N . Hence all three cases are impossible. 
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If γ = 3, we have |G| = 3km and km−2k−2m = 4p. In particular, gcd(k,m) divides 4p, but cannot
be divisible by p (by hypothesis) and cannot be 4 (since otherwise km − 2k − 2m is divisible by 8),
so gcd(k,m) = 1 or 2. But also |G| is divisible by |〈x, y〉| = 4, so if one of k and m were odd then the
other would be divisible by 4, in which case km− 2k − 2m would not be divisible by 4. Hence both k
and m are even, and gcd(k,m) = 2. Without loss of generality, we may suppose that k ≡ 2mod4.
To deal with this case, we will use the following.








for some c,d ∈ Z3 , so
k ∈ {4,6} when s does not have this form.
Proof. This is an exercise left for the reader, and is easy to verify using Magma [1]. 
Proposition 7. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group of order 3km with dihedral Sylow 2-subgroups,
such that k and m are even, k/2 is odd, k,m  3, and gcd(k,m) = 2. Then k = 6 and m ≡ 4mod8, and
z = r2s−1r2sm/2+1r−1 , and G is isomorphic to a semi-direct product (Z3 × Z3m/4)  D4 , with presentation
〈
r, s
∣∣ r6 = sm = (rs)2 = r2s2r2s−2 = 1〉.
Proof. First, by the same arguments as in the proof of Proposition 2, we ﬁnd easily that G/O (G)
is isomorphic either to a Sylow 2-subgroup of G , or to PGL(2,3) ∼= S4. (Note that the inequality
q(q− 1) 3n(q+ 1) has only one solution when q is the nth power of some odd prime, viz. q = 3.) If
G/O (G) ∼= S4, however, then since the only pair (κ,μ) for which S4 is a (κ,μ,2)-group with κ not
divisible by 4 is (3,4), we ﬁnd r3 ∈ O (G), so k is odd, contradiction. Thus G/O (G) is isomorphic to a
Sylow 2-subgroup of G .
In particular, G/O (G) is solvable, and so G is solvable. Moreover, since k/2 is odd, we ﬁnd that r2
lies in O (G), so G/O (G) is dihedral, of order 2μ where μ is the 2-part of m.
We can now proceed to prove the proposition by induction on |G|. The starting case is (k,m) =
(6,4), for which the group G has order 72 and Euler characteristic −3, and is given with the required
presentation in [4]. Let N be any minimal normal subgroup of G contained in O (G). Then possibilities
for N are given in cases (A) to (C) of Lemma 4.
We ﬁrst eliminate case (B). Here N ∼= Z3 and N intersects 〈r〉 and 〈s〉 trivially, so G/N is a
(k,m,2)-group of order km. By Proposition 3 we ﬁnd that k = 2 j and m = 2l where j and l are
odd, and G/N has presentation 〈r, s | r2 j = s2l = (rs)2 = (rs−1)2 = 1〉. Since the relations r2 j = s2l =
(rs)2 = 1 hold in G , it follows that N is generated by w = (rs−1)2. The relation (rs)2 = 1 gives
sr2s−1 = srsr−1(rs−1)2 = r−2w and similarly rs2r−1 = rsrs−1(sr−1)2 = s−2w−1. Also conjugation by
any element of G inverts or centralizes w , so each of r2 and s2 centralizes w , and hence 1 =
sr2 j s−1 = (rs2r−1) j = (r−2w) j = r−2 j w j = w j and 1 = rs2lr−1 = (sr2s−1)l = (s−2w−1)l = s−2lwl = wl .
But gcd( j, l) = 1 since gcd(k,m) = 2, and so these together imply that w = 1, contradiction.
Next, consider case (C), where N ∼= Z3 ×Z3 and N intersects one of 〈r〉 and 〈s〉 non-trivially. In this
case, conjugation of N by elements of G gives a homomorphism from G to Aut(Z3 × Z3) ∼= GL(2,3)
with kernel CG(N).
If N ∩ 〈s〉 	= 1, then 3 divides m but not k, and N is generated by sm/3 and one of its conjugates,
indeed by sm/3 and r−1sm/3r. Hence conjugation by s induces an automorphism of N ∼= Z3 ×Z3 ﬁxing
sm/3, while conjugation by r induces an automorphism that moves sm/3. By Lemma 5, we ﬁnd that s2
lies in CG(N), and that r induces an automorphism of order 4 or 6. But k is divisible by neither 4 (by
hypothesis) nor 6 (since 3 divides m), so this is impossible. Thus N ∩ 〈r〉 	= 1, and 3 divides k.
By reversing the roles of r and s in the previous argument, we ﬁnd that N is generated by u = rk/3
and v = s−1rk/3s, and that r2 centralizes N , while s induces an automorphism of N of order 4. Hence
m is divisible by 4. But also Lemma 5 tells us that zrsm/2 lies in CG(N), and since rz = (yz)z = zy =
r−1 (which gives uz = u−1), it follows that u−1 = (u−1)zrsm/2 = ursm/2 = usm/2 , so m/2 ≡ 2mod4. Thus
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other hand, if k > 6, then G/Ni is a (k/3,m,2)-group of order (k/3)m with k/3 > 2 and m  4, so
Proposition 3 forces m/2 to be odd, a contradiction. Thus k = 6. Hence u = rk/3 = r2 (and v = s−1r2s),
and it now follows from us
2 = u−1 that r2s2r2s−2 = r2s−2r2s2 = 1.
This also gives s−1vs = s−2r2s2 = r−2, so s−2vs2 = s−1r−2s = v−1, and therefore s4 centralizes
both u = r2 and v . Hence the elements u and v (each of order 3) and s4 (of order m/4) generate
an abelian group of order 9m/4 = |G|/8 = |O (G)|, and we conclude that O (G) is isomorphic to Z3 ×
Z3 × Z3m/4 ∼= Z3 × Z3m/4.
In fact r−1ur = u (since r = u2) and s−1us = v (by deﬁnition), while s−1vs = s−2us2 = u−1
(shown above), and since (sr)2 = 1 we have also r−1vr = r−1s−1usr = srur−1s−1 = sus−1 = v−1.
Hence the automorphisms of N induced by r and s generate a dihedral group of order 8,
and it follows that CG(N) = O (G). Next, recall that zrsm/2 lies in CG (N). Letting w = zrsm/2,
we therefore have w = uavbs4c for some a, b, c. Now wsm/2 = zr = zyz which has order 2,
so 1 = (wsm/2)2 = wwsm/2 , so w is inverted by conjugation by sm/2, and thus c = 0. Also
uavbsm/2r−1 = wsm/2r−1 = z which has order 2, so 1 = (uavbsm/2r−1)2 = uavbu−avb(sm/2r−1)2 =
v2b(sm/2r−1)2, which gives (sm/2r−1)2 = v−2b . Similarly uavbsm/2r−1s = zs = x which has order 2,
and so 1 = (uavbsm/2r−1s)2 = uavbv−au−b(sm/2r−1s)2; and then because the previous calcula-
tion gives (sm/2r−1s)2 = (sm/2r−1)ssm/2r−1s = v−2brsm/2ssm/2r−1s = v−2brsr−1s = v−2bs−1r−2s =
v−2bs−1u−1s = v−2b−1, this gives 1 = uavbv−au−bv−2b−1 = ua−bv−a−b−1, so a = b = 1. Thus z =
wsm/2r−1 = uvsm/2r−1 = r2s−1r2sm/2+1r−1, as required.
Finally, in case (A) we have N ∼= Zq for some odd prime q, and N is contained in one of 〈r〉 and 〈s〉.
Here Aut(N) is cyclic, so G/CG (N) is a cyclic group generated by involutions, and so has order 1 or 2.
Thus O (G) is contained in CG(N), making N central in O (G).
If N is contained in 〈s〉 then m =m′q for some even integer m′ . Now G/N is a (k,m′,2)-group of
order 3km′ , and m′ > 2 for otherwise G/N would be dihedral, of order 2k. Hence by induction, k = 6
and m′ ≡ 4mod8, and G/N is isomorphic to a semi-direct product (Z3 × Z3m′/4)  D4. In particular,
G/N has a minimal normal subgroup isomorphic to Z3 × Z3, of the form Q N/N where Q is a Sylow
3-subgroup of G . Moreover, since Q centralizes N , we ﬁnd that Q N is abelian, and since gcd(3,q) = 1
(because 3 divides k while q divides m), it follows that Q is a characteristic subgroup of Q N and
hence normal in G . This puts us back into case (C), and the conclusion holds.
The analogous argument does work completely when N is contained in 〈r〉. In this case k = k′q for
some k′ ≡ 2mod4, and k′ > 2 for otherwise G/N have order 2m (rather than 6m = 3k′m). Hence by
induction, k′ = 6 and m ≡ 4mod8, and G/N is isomorphic to a semi-direct product (Z3 ×Z3m/4) D4.
Again here G/N has a minimal normal subgroup isomorphic to Z3 ×Z3, of the form Q N/N where Q
is a 3-subgroup of G , and if q 	= 3 then Q is normal in G (as above), and we can revert to case (C).
When q = 3, however, then some further analysis is needed. In that case, let u = r2 and v = s−1r2s,
each of which has order 3q = 9. Then clearly v3 = u3c where c = ±1. Now the observations made for
case (C) tell us that the images of s−1vs and u−1 coincide in G/N , and it follows that s−1vs = u−1w
for some w ∈ N , and since w ∈ 〈u〉 it follows that s−1v3s = (s−1vs)3 = (u−1w)3 = u−3w3 = u−3.
But on the other hand, s−1v3s = s−1u3c s = (s−1us)3c = v3c = u3c2 = u3, so we ﬁnd that u−3 = u3,
contradiction. Thus q 	= 3, and our proof is complete. 
5. The multiplier six
If γ = 6, we have |G| = 6km and km−2k−2m = 2p. In particular, gcd(k,m) divides 2p, but cannot
be divisible by p (by hypothesis) and cannot be 2 (since otherwise km− 2k− 2m is divisible by 4), so
gcd(k,m) = 1. On the other hand, one of k and m must be even, and without loss of generality, we
may suppose that m is even and k is odd.
Proposition 8. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group of order 6km with dihedral Sylow 2-subgroups,
such that k is odd, m is even, k  3, m  4, and gcd(k,m) = 1. Then G/O (G) is isomorphic to PGL(2,5) or
PGL(2,7).
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isomorphic to a group H such that PSL(2,q) H  Aut(PSL(2,q)) for q ∈ {3,5,7,32}, since the latter
are the only values of q satisfying the inequality q(q−1) 6n(q+1) when q is the nth power of some
odd prime. Again, the possibilities H = PSL(2,3) or PSL(2,7) can be ruled out as in Proposition 2,
and similarly H 	= PSL(2,5) ∼= A5 since A5 cannot be generated by an element of even order and an
element of odd order with product of order 2. Also the case q = 32 can be ruled out since if κ and μ
are coprime orders of two elements of Aut(PSL(2,9)) then 6κμ  6 · 5 · 8 = 240 < 360 = |PSL(2,9)|.
Thus G/O (G) ∼= PGL(2,3) ∼= S4, or PGL(2,5), or PGL(2,7).
We will eliminate the possibility that G/O (G) ∼= S4. Let G be such an example of smallest possible
order. Then G/O (G) has to be a (3,4,2)-group, so r3, s4 ∈ O (G), and in particular, k ≡ 0mod3 and
m ≡ 0mod4, with k/3 and m/4 both odd. Also O (G) has order |G|/24 = km/4, and is therefore non-
trivial. Next, let N be any minimal normal subgroup of G contained in O (G). Then possibilities for
N are given in cases (A) to (C) of Lemma 4. Case (A), however, does not apply since otherwise the
quotient G/N would be an example of smaller order. Hence N ∼= Z3 and intersects neither 〈r〉 nor 〈s〉,
or N ∼= Z3 × Z3 and intersects 〈r〉 in a subgroup of order 3. It follows that G/N is either a (k,m,2)-
group of order 2km, or a (k/3,m,2)-group of order 2(k/3)m. In both cases, the argument used in
the proof of Proposition 4 (using Lemma 3) shows that m = 4, and therefore O (G) has order k. Also
O (G)/N is cyclic, generated by the coset Nr3, and in fact O (G) is generated by r3 and some element
u of order 3 lying in N \ 〈r〉.
Before continuing, we consider the possibility that O (G) = 〈r3,u〉 is abelian, and therefore isomor-
phic to Zk/3 × Z3. Then since s−1r3s lies in O (G), we have s−1r3s = r3aub for some a and b, and
hence s−1r9s = (s−1r3s)3 = (r3aub)3 = r9au3b = r9a . It follows that K = 〈r9〉 is normal in 〈r, s〉 = G . By
minimality of G , this forces K to be trivial, so k = 9. But then O (G) is itself isomorphic to Z3 × Z3,
and a contradiction is easily obtained using Lemma 5. (Alternatively, observe from [3] that there is no
(9,4,2)-group of order 216.) Thus k > 9, and O (G) is non-abelian. In particular, r3 does not central-
ize u.
Now in case (B), where N ∼= Z3, we know that G/CG (N) is cyclic of order at most 2. Hence r
(having odd order) centralizes N , contradiction.
Finally, in case (C), we may suppose that N ∼= Z3 × Z3 is generated by rk/3 and u. By normality,
r−1ur = rak/3ub for some a and b in {0,1,−1}, with b 	= 0 since u /∈ 〈r〉, and hence also r−2ur2 =
ra(1+b)k/3ub2 = ra(1+b)k/3u. Now if b = −1 then r2 centralizes u, and hence so does r (since r has odd
order), contradiction. Hence b = 1, and r−1ur = rak/3u. But again this implies that r3 centralizes u,
which is impossible. 
Proposition 9. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group of order 6km with dihedral Sylow 2-subgroups,
such that k is odd, m is even, k  3, m  4, and gcd(k,m) = 1. If G/O (G) is isomorphic to PGL(2,5), then
O (G) is trivial (and so G ∼= PGL(2,5)).
Proof. Assume the contrary, and let G be a counterexample of smallest possible order. By [4] or [5],
we know that in G¯ = G/O (G) ∼= PGL(2,5) ∼= S5, the orders κ and μ of r¯ and s¯ must be 5 and 4
respectively, and that x¯ = (r¯ s¯−1)3.
Now consider a minimal normal subgroup N of G contained in O (G), as given by Lemma 4, and
observe that O (G/N) = O (G)/N . In case (B) or (C), the quotient G/N is a (k,m,2)-group of order
2km, or a (k/3,m,2)-group of order 2(k/3)m, or a (k,m/3,2)-group of order 2k(m/3), but then by
Proposition 2 we have G/O (G) ∼= (G/N)/O (G/N) ∼= S4, contradiction. Hence only case (A) can hold,
and so N ∼= Cq for some odd prime q, and N is contained in 〈r〉 or 〈s〉. Furthermore, by minimality of
G we now ﬁnd that O (G/N) is trivial, so N = O (G), and by Lemma 3 we see that N is contained in
〈r〉, so O (G) = N = 〈r5〉. In particular, r centralizes N , while conjugation by s must either centralize or
invert each element of N (since G/CG (N) is cyclic of order 1 or 2, by the usual argument). But r = yz
is inverted by conjugation by z, and hence no non-trivial power of r is central, so s must conjugate
each element of N to its inverse. On the other hand, x¯ = (r¯ s¯−1)3, which implies that x(rs−1)3 ∈ N ,
so x conjugates each element of N to its inverse, and hence s = zx centralizes N , contradiction. This
completes the proof. 
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groups of Euler characteristic −3p for prime p with multiplier 6 come from the case G/O (G) =
PGL(2,7), which we deal with now.
Lemma 6. Up to equivalence and duality, there are just two possibilities for a triple (r, s, z) of elements gen-
erating PGL(2,7) as a (k,m,2)-group of order 6km, and satisfying the usual relations z2 = (rz)2 = (zs)2 =




∣∣ z2 = (rz)2 = (zs)2 = r7 = s8 = (rs)2 = zs2r3s3r = 1〉, (2)
〈
r, s, z
∣∣ z2 = (rz)2 = (zs)2 = r7 = s8 = (rs)2 = zsr2s2r = 1〉. (3)
Moreover, in each case, dropping the relation (zs)2 = 1 gives a presentation for an extension ofZ7 by PGL(2,7),
of order 2352.
Proof. First we note that since |PGL(2,7)| = 336 we must have km = 56, and then since the largest
order of any element of PGL(2,7) is 8, this forces {k,m} = {7,8}. The Euler characteristic of any
corresponding regular map is 336(14− 56+ 16)/228 = −39, and the lists of [3] reveal only two such
maps, viz. N41.2 and N41.3. Alternatively, the corresponding matrix representations can be extracted
from [5], and converted into group presentations with assistance from Magma [1]. Either way, also
Magma can be used to verify that the above presentations deﬁne PGL(2,7), and indeed that they are
satisﬁed by the only two possibilities for the generating triple (r, s, z), up to conjugacy and duality.
Finally, coset enumeration (in Magma for example) conﬁrms the last assertion about dropping the
relator (zs)2 = 1. 
Proposition 10. Let G = 〈x, y, z〉 = 〈r, s〉 be a (k,m,2)-group of order 6km with dihedral Sylow 2-subgroups,
such that k is odd, m is even, k  3, m  4, and gcd(k,m) = 1. If G/O (G) is isomorphic to PGL(2,7), then
k = 7n for some n coprime to 14, and m = 8, and G is isomorphic to an extension by PGL(2,7) of a cyclic
normal subgroup of order n generated by r7 . Moreover, for every positive integer n coprime to 14, there are
exactly two presentations for such a group G, as follows:
(a) 〈r, s, z | z2 = (rz)2 = (zs)2 = r7n = s8 = (rs)2 = s−1r7sr7 = zs2r3s3rc = 1〉 where c is uniquely deter-
mined modulo 7n by c ≡ 1mod7 and c ≡ 3modn,
(b) 〈r, s, z | z2 = (rz)2 = (zs)2 = r7n = s8 = (rs)2 = s−1r7sr7 = zsr2s2rd = 1〉 where d is uniquely deter-
mined modulo 7n by d ≡ 1mod7 and d ≡ −2modn.
Proof. As in the proof of Proposition 2, we know that if κ and μ are the orders of r¯ and s¯ in
G¯ = G/O (G), then 336 = |G/O (G)|  6κμ. By Lemma 6 we ﬁnd that κ = 7 and μ = 8, and that
the generators r¯, s¯ and z¯of G = G/O (G) satisfy one of the two presentations (2) and (3) given in
Lemma 6. In particular, r7, s8 ∈ O (G), and moreover, since these two elements have coprime orders
k/7 and m/8, and |O (G)| = |G|/336 = km/56, it follows that O (G) = 〈r7〉〈s8〉.
Next, if N is any minimal normal subgroup of G contained in O (G), then by considering the order
of G/N we see that only case (A) of Lemma 4 is possible, so N is isomorphic to Zq for some odd
prime q, and N is contained in 〈r〉 or 〈s〉. But further, Lemma 3 tells us that N is contained in 〈r〉,
and from this observation, an easy induction on the length of a chief series for G passing through
O (G) tells us that O (G) itself is contained in 〈r〉. In particular, m = 8, and O (G) is cyclic of order k/7,
generated by r7.
Now O (G) = 〈r7〉 is centralized by r, so G/CG(O (G)) is cyclic, generated by the image of s, and
then since G is generated by involutions, G/CG (O (G)) has order 1 or 2. On the other hand, conjuga-
tion by z inverts r = yz and hence inverts every element of 〈r7〉 = O (G), and thus G/CG (O (G)) has
order 2. In particular, this implies that conjugation by s must also invert every element of O (G), so
s−1r7s = r−7.
Before continuing, let us consider the possibility that n = 7. In this case, the index 2 subgroup J
generated by r and s2 (and s−1rs = s−2r−1) is a central extension of Z7 by PSL(2,7), and contains an
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168. By Schur’s theorem on centre-by-ﬁnite groups (see [15, 10.1.4]), we ﬁnd that the order of every
element of the derived subgroup J ′ of J divides 168. But J is insolvable so J ′ cannot be abelian, and
hence either J ′ = J or J ′ ∼= PSL(2,7). In the former case, we ﬁnd that J ′ = J contains an element of
order 49, contrary to Schur’s theorem, while in the latter case, J ∼= Z( J ) × J ′ ∼= Z7 × PSL(2,7), which
has no element of order 49 at all. Thus n 	= 7.
Returning to the general case, we ﬁnd that n is not divisible by 7, for otherwise G/〈r49〉 would be
an example of the kind just eliminated in the previous paragraph. Thus n (being also odd) is coprime
to 14, and also |G| = 336n is not divisible by 7.
Next, we show that G is a semi-direct product of O (G) ∼= Zn by PGL(2,7). To do this, note that
since gcd(n,7) = 1 we have 1 = na + 7b for some integers a and b. Now take R = rna = r1−7b and
S = s, and also take Z = S2R3S3R or SR2S2R , depending on which of the presentations (2) and (3)
for G¯ = G/O (G) from Lemma 6 is satisﬁed by r¯, s¯ and z¯. Then R7 = S8 = 1, and (RS)2 = (r1−7bs)2 =
rr−7bsr−7bs = (rs)2 = 1, since conjugation by s inverts r7.
Now if r¯, s¯ and z¯ satisfy presentation (2), then zs2r3s3r lies in O (G) and therefore zs2r3s3r = r7i
for some i. In particular, s2r3s3r = zr7i , so (s2r3s3r)2 = (zr7i)2 = 1 (since conjugation by z inverts r).
As also Z = S2R3S3R = s2r3(1−7b)s3r1−7b = s2r3r−21bs3r1−7b = s2r3s3r21br1−7b = s2r3s3r1+14b , it fol-
lows that Z2 = (S2R3S3R)2 = (s2r3s3r1+14b)2 = (s2r3s3r)2 = 1, because r14b is inverted by conjugation
by s2r3s3r. Similarly (Z R)2 = (S2R3S3R2)2 = (s2r3s3r2+14b)2 = (s2r3s3r2)2 = (zr7i+1)2 = 1. Thus R , S
and Z satisfy all the relators of presentation (2) with the possible exception of the third one (viz.
(zs)2 = 1). By the ﬁnal sentence of Lemma 6, it follows that R , S and Z generate a factor group of
an extension of Z7 by PGL(2,7). But |G| is not divisible by 49, so R , S and Z must generate a sub-
group isomorphic to PGL(2,7), and hence the extension of O (G) ∼= Zn by G/O (G) ∼= PGL(2,7) splits,
as required.
Analogously, when r¯, s¯ and z¯ satisfy presentation (3) we ﬁnd that zsr2s2r lies in O (G) so zsr2s2r =
r7 j for some j, and Z = SR2S2R = sr2(1−7b)s2r1−7b = sr2s2r1−21b . These give Z2 = (sr2s2r1−21b)2 =
(sr2s2r)2 = (zr7 j)2 = 1, and (Z R)2 = (sr2s2r2−21b)2 = (sr2s2r2)2 = (zr7 j+1)2 = 1, and the rest of the
argument goes through as above.
Furthermore, we may deduce in both cases that (Z S)2 = 1, since R, S and Z must now satisfy the
relevant full presentation for PGL(2,7) from Lemma 6.
In the case of presentation (2), this gives 1 = (S−1 Z)2 = (sr3s3r1+14b)2 = (sr3s3r)2r28b because
sr3s3r centralizes r7, and hence (sr3s3r)2 = r−28b . But also s2r3s3r = zr7i and therefore (sr3s3r)2 =
(s−1zr7i)2 = (s−1z)2r14i , and since s = zx we have (s−1z)2 = x2 = 1, which then gives (sr3s3r)2 = r14i .
Thus r14i = (sr3s3r)2 = r−28b , so 14i ≡ −28bmod7n, and since 7n is odd and 1 = na + 7b this implies
7i ≡ −14b ≡ 2na − 2 ≡ −2modn. In particular, since zs2r3s3r = r7i we ﬁnd that z = z−1 = s2r3s3rc
where c = 1− 7i is congruent to 1mod7 and to 1− (−2) = 3modn.
Analogously, for presentation (3) we have 1 = (S−1 Z)2 = (r2s2r1−21b)2 = (r2s2r)2r−42b while also
(r2s2r)2 = (s−1zr7 j)2 = (s−1z)2r14 j = r14 j , and therefore r14 j = r42b . This gives 7 j ≡ 21b ≡ 3 − 3na ≡
3modn, and then z = sr2s2rd where d = 1− 7 j is congruent to 1mod7 and to −2modn.
The presentations (a) and (b) now follow easily from the above observations.
It is also now easy to construct such groups, as semi-direct products of Zn by PGL(2,7). Taking
R , S and Z as generators for PGL(2, Z) that satisfy presentation (2) or (3) from Lemma 6, and w as
a generator for Zn , form the semi-direct product G = 〈w〉  〈R, S, Z〉 by letting R centralize w and
letting each of S and Z conjugate w to w−1, and in this group, deﬁne r = wR , s = S , and z = Z . Then
since R centralizes w and gcd(7,n) = 1, we ﬁnd that r = wR has order 7n, and it follows that r, s and
z generate G . In fact G is generated by r and s, since z = Z ∈ 〈R, S〉, and 〈R〉 = 〈rn〉 while S = s. The
relations z2 = (zs)2 = s8 = 1 are immediately satisﬁed, and s−1r7sr7 = 1 because 〈r7〉 = 〈w〉, while
(rs)2 = (wRS)2 = 1 and (rz)2 = (wRZ)2 = 1 since the involutions RS and R Z invert w . The ﬁnal
relation (viz. either zs2r3s3rc = 1 or zsr2s2rd = 1) follows from the calculations made above. 
6. Conclusion
A complete list of regular maps on surfaces of Euler characteristic −1 to −200 was produced in [3],
and this includes all of those with characteristic −3p for some prime p < 67. The only such maps
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the type) are those given as N11.1 (with p = 3), N17.1, N17.2 (with p = 5), N23.1, N23.2, N23.3 (with
p = 7), and N35.1, N35.2 and N35.1 (with p = 11). On the other hand, if p divides km − 2k − 2m
then all possibilities have been considered in this paper, and so we obtain the following, our main
theorem:
Theorem 2. Let M be a regular map on a surface of Euler characteristic χ = −3p where p is an odd prime,
and let G be the automorphism group of M. Then up to isomorphism and duality, one of these cases occurs:
(a) The map M has type {2l,2 j} for odd integers j and l satisfying ( j − 1)(l − 1) = 3p + 1 (so that p ≡
1mod4), where j  l  3, and gcd( j, l)  3 but j ≡ l 	≡ 1mod3, and its automorphism group G is a
direct product D j × Dl, of order 4 jl, with presentation
〈
r, s, z
∣∣ z2 = (rz)2 = (zs)2 = r2 j = s2l = (rs)2 = (rs−1)2 = zr j sl = 1〉.
(b) The map M has type {4 j,6} for some odd integer j satisfying 4 j − 3 = p (so that p ≡ 1mod4), and its
automorphism group G is a semi-direct product (Z3 × Z3 j)  D4 , of order 72 j, with presentation
〈
r, s, z
∣∣ z2 = (rz)2 = (zs)2 = r6 = s4 j = (rs)2 = r2s2r2s−2 = zr2s−1r2s2 j+1r−1 = 1〉.
(c) The map M has type {8,7n}, where p = 21n − 8 ≡ −8mod21 but p 	≡ −8mod49 (so n = (p + 8)/21
is coprime to 14), and its automorphism group G is a semi-direct product of Zn by PGL(2,7), of order
336n = 16(p + 8), with presentation either
〈
r, s, z
∣∣ z2 = (rz)2 = (zs)2 = r7n = s8 = (rs)2 = s−1r7sr7 = zs2r3s3rc = 1〉
where c is uniquely determined modulo 7n by c ≡ 1mod7 and c ≡ 3modn, or
〈
r, s, z
∣∣ z2 = (rz)2 = (zs)2 = r7n = s8 = (rs)2 = s−1r7sr7 = zsr2s2rd = 1〉
where d is uniquely determined modulo 7n by d ≡ 1mod7 and d ≡ −2modn.
(d) The map M is a unique map of type {4,6} with χ = −9 and |G| = 216, or a unique map of type {3,8}
with χ = −15 and |G| = 720, or a unique map of type {4,10} with χ = −15 and |G| = 200, or a unique
map of type {3,8} with χ = −21 and |G| = 1008, or one of two maps of type {4,8} with χ = −21 and
|G| = 336, or one of two maps of type {4,5} with χ = −33 and |G| = 1320, or a unique map of type
{5,5} with χ = −33 and |G| = 660.
Proof. Let {m,k} be the type of M , and let G = Aut(M), so that G is a (k,m,2)-group. Let us suppose
ﬁrst that p divides km − 2k − 2m. Then by the main results of Sections 2 and 3, we know that G has
dihedral Sylow 2-subgroups, and that km − 2k − 2m = tp and |G| = 12km/t , where t = 2,4 or 12.
If t = 12 then |G| = km, and by Proposition 3 we ﬁnd that k = 2 j and m = 2l where both j and l
are odd. Since 12p = km − 2k − 2m = 4( jl − j − l) we have ( j − 1)(l − 1) = 3p + 1. This implies that
3p+1 ≡ 0mod4, and therefore p ≡ 1mod4. Moreover, it also implies that j 	≡ 1mod3 and l 	≡ 1mod3
(since ( j − 1)(l − 1) 	≡ 0mod3), and that j 	≡ lmod3 (since ( j − 1)(l − 1) 	≡ 2mod3). Thus we have
case (a).
The possibility t = 4 is addressed in Section 4, and gives case (b), since if k = 4 j (where j is odd)
and m = 6 then 4p = km − 2k − 2m = 16 j − 12, and so p = 4 j − 3 ≡ 1mod4.
Similarly if t = 2, then from km − 2k − 2m = 2p we know that exactly one of k, m is odd, and
gcd(k,m) = 1, and then Proposition 10 gives case (c), since if k = 7n and m = 8 then 2p = km − 2k −
2m = 42n − 16 so p = 21n − 8, but also n is not divisible by 7.
Otherwise (if p does not divide km − 2k − 2p) we have p < 67, in which case M can be found
from [3], and all possibilities are given in case (d). 
Note that uniqueness of the group presentations given in this theorem follows from the proofs
of the relevant results in Sections 2 to 5. In particular, it is worth noting that the centres of our
groups are trivial, which implies that there exists at most one involutory element z in G such that
(rz)2 = (zs)2 = 1; for if z′ were another such involution, then zz′ would centralise both r and s
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that Z(G) has odd order [14, Theorem 7.7], because 〈z, zz′〉 = 〈z, z′〉 is abelian and generated by
involutions.
As a consequence of Theorem 2, we obtain another inﬁnite family of non-orientable surfaces that
support no regular maps at all.
Corollary 3. There is no regular map on a non-orientable surface of Euler characteristic −3p for any prime p
such that p > 11, p ≡ 3mod4, and p 	≡ 55mod84.
Hence, for example, there are no regular maps on non-orientable surfaces of genus 2 − χ = 59,
71, 95, 131, 143, 179, 203, 215, 239, 251, 311, 323, 383, 395, 455, 491, 503, 539, 575, 599, 635, 683,
719, 755, 791, 815, 851, 935 or 995.
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